We consider the groups defined by the presentations (a, b : a1 = b" = ab~[ab(abab-l)a~lab2ab~2 = 1) and investigate their structure for small values of a. This forms part of a general investigation into the structure of groups defined by presentations of the form {a, b:a2 = bn =w(a,b)= 1).
Introduction
is called a one-relator product of cyclic groups in that it is formed from the free product of two cyclic groups by imposing a single extra relator. There has been a great deal of interest in recent years in the structure of such groups and it is known (see [1] or [14] ) that if w(a, b) is of the form u(a, b)k with k > 2 and ^ + i + £ < 1, then G is infinite; for further results on such groups, see [15] [16] [17] [18] [19] 24] . If this condition is not satisfied (in particular, if w(a, b) is not a proper power), however, then G may be finite. In [10] the structures of all groups with m = 2, n = 3, and w(a, b) of length at most 24 in {a, b, b~x} were determined, and results on groups defined by presentations of the form (a, b : a2 -bn = w(a, b) = 1) may be found in [3, 5-8, 13, 27] .
The groups G -G(a, n), where a > 1 and n > 1, are defined by the presentations (a,b:a2 = bn = ab-xab(abab~x)a-xab2ab-2 = 1).
Clearly [G : G'] = 2«, and it was shown in [5] that [G' : G"] = vn(a), where v" = v"(a) is defined by v0 = 0, vx = 1, and v" = avn-X +w"_2 + 1 + (-l)"_1 for n > 2. If a = 1 then vn(l) = gn -1 -(-1)" (see [4, Corollary 5] ), where (g") is the Lucas sequence of numbers defined by gx = 1 , £2 = 3, and gn = gn-2 + gn-i for « > 3. The structure of the groups G(a, n) for small values of n was determined in [5] and further details may be found in [27] . The purpose of this paper is to investigate the structure of the G(a, n) for a < 5. The pattern that appears in the theorem below does not extend to the case a > 6, so there is no natural generalization to arbitrary a. We prove Theorem 1.1. (i) G(l, n) is metabelian of order 2ngn for odd n, elementary abelian of order 4 for n = 2, metabelian of order 40 for n -4, and infinite for n -2m > 6;
(ii) G(2,n) is metabelian of order 2nv"(2); (iii) C7(3, n) is metabelian of order 2nv"(3) if 3 does not divide n and soluble with derived length 3 and order 4nvn(3) if 3 does divide n;
(iv) G(4, n) is metabelian of order 2nvn(4) if 8 does not divide n and finite and soluble with derived length 3 or 4 if 8 does divide n;
(v) C7(5, n) is metabelian of order 2nv"(5) if 3 does not divide n, finite and soluble of derived length at most 3 if (n, 12) = 3, finite and soluble of derived length 3 or 4 if (n, 12) = 6, and infinite if (n, 12) = 12. Theorem 1.1 (i) was proved in [6] , and also in [8] , and is therefore included for completeness only. In fact, the structure of any group defined by any presentation of the form (a,b:a2 = b" = abhabiabjabk = 1), with n> 1, h + i + j + k = 0, and h, i, j, k e {±1, ±2}, was determined in [8] , and further results on such groups may be found in [7, 13] .
The Fibonacci group F = F(2, n) is defined by the presentation (Xi , x2,..., xn: xxx2 = x3, x2x3 = xj,..., xnxx = x2).
These groups were introduced in [11] , and it was quickly determined that F(2, 1) and F(2, 2) are trivial, F(2, 3) is the quaternion group Q$, F (2, 4) is cyclic of order 5, F(2, 5) is cyclic of order 11 , and F(2, 6) is infinite. F(2, 1) was shown to be cyclic of order 29 using a computer (see [2, 9, 21] ), and F(2, 8) and F(2, 10) to be infinite [2] . F(2, n) is infinite for n > 11 [25] , and, lastly, 7^ (2, 9) has also been shown to be infinite [26] ; alternative proofs that F(2, n) is infinite for n even, n > 8, may be found in [23, 29] . The groups F(2, n), and other related groups, have provoked a lot of interest, partly because of the problems they represent in determining whether or not they are finite, but also because they tend to arise in a natural way, such as the fundamental group of a 3-manifold for even n [23] ; see [30] for a recent survey of these groups. A group such as F(2, n) is said to be cyclically presented in that the set of relations is invariant when the generators xx, x2, ... , xn are permuted in a cycle of length n . This general class of groups has been the subject of much interest, particularly in that they provide many of the known examples of finite groups of deficiency zero (that is, finite groups with a presentation in which there are equal numbers of generators and relators). Various connections between the groups G(a, n) and F(2, n) were pointed out in [5] , and we make use of these connections in this paper also; we spell out one such connection as Proposition 2.2.
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In a more general context, it was shown in [28] . The results presented here and in [5, 27] indicate that the structure of finite groups of the form (j) can be much more complicated when m = 2 as opposed to the case m > 4.
Preliminary results
For the convenience of the reader, we recall two results from [5] . If G = G(a, n), then it was shown in [5, §2] In particular, if G is infinite then 7"(2, n) is infinite.
Proof of Theorem 1.1
In this section we prove Theorem 1.1. First suppose that G = G(3, n) with presentation (a,b,:a2 = b" = ab~x ab(abab-x)2 ab2 ab"2 = 1).
As in §2, let JV be the normal subgroup of index 2 in G with presentation We shall show that x, = x,+8 (1 < /' < 8) in M, which means that we need only consider eight cases, namely, the eight possible values of n (mod 8). We first prove Proposition 3.3. (i) (x,x,+i)3 = 1 (1 < i < n); (ii) (x/jc"1,)3 = 1 (I < i < n).
Proof. To prove (i), note that x,x,+i = x,_i and x3_! = 1 ; to prove (ii), note that x^x".1, = XjX^'.x^'x, = X/xTl'jX, = x,x1~l1(x,_ix,)_1x,_ix~l , so that (ii) now follows from (i). □ Using Proposition 3.3, we have Xn = X[X2 , Xn -X -XnXi = X1X2X1 , _ _ 2 _ -1 X/,_2 -X"_iX" -X[X2XiX2 -X1X2X, X2 , X"_3 = X"_2X"_i = XjX2X, X2X1X2X1 = XXX2XX (X2X1) = (X1X2) X2 = X2 Xj X2 .
Continuing in this way yields So x, = x,+8 for all i; but we also have x, = x,+", so that x, = x,+("g) for all i. If n is odd, we immediately deduce that x, = Xj for any / and j, so that M is trivial and G is metabelian of order 2nv"(4) by Propositions 2.1 and 2.2.
If n = 2 or « = 6 (mod 8), then we have x, = x,+2 for all i, and so x, = x,+]x,+2 = Xi+\Xj for all /', and M is trivial; if n = 4 (mod 8) then x, = x,+4 for all i, and we have that xx = x2 -x3 = x4 = I, xx -X2X3 ,
We now have Xi = X2X3 = X3X4X3 = X4X!X2xi, so that x4x1x^"1 = 1, and hence Xi = 1 ; similarly, X2 = X3 = x4 = 1 and M is trivial; so, again, G is metabelian of order 2nvn(4). If n = 0 (mod 8), we have the following presentation for M: We shall show that x, = x,+i2 in M, so that we will only have to consider twelve cases, corresponding to the possible values of n (mod 12). In fact, since x, = x,+" , we have x, = xi+(X2n), so we only need to consider the cases n = 0, 1,2,3,4, and 6 (mod 12). First we have (ii) (x/+1x,2)4 = 1;
(iii) (xiX-_\)*=l;
(iv) (xf+lXi)* = 1.
Proof. Part (i) follows from x,x,+i = x,_i and x4_, = 1; since (x,_ix,)4 = 1 and x,_ix, = x,x,+ix,, we have part (ii). Part (iii) follows from x4+2 = 1 and x,+2 = x~+\x, ■, since (x~_'2x,+i)4 = 1 and x~_2 = x(~'x,+i , we have (x~'x(2+1)4 = 1 , and then part (iv) follows from x4., = 1 . D Using Proposition 3.4 and arguing similarly to the case a = 4 give; Xn = X[X2 , Xn -X = X1X2X1 , X"_2 = X1X2X1X2, X"_3 = XXX2XXX2XXX2XX , Xfi-4 ^~ Xi Xy XXX2X, X2XX , Xfi -5 -X, X*, XXX2XXXy X, X2XX , Xfi-fj --1-12 2 -1 -1 2 -1 X| X2 X]X2Xi , X"_7 -X2X]X2 X] , Xn_8 -Xj X2 , X"_9 -X2 X] , Xn -XQ -x2, and x"_n = X). So x, = x,+i2 for all i, and, as remarked above, x, = x,+(i2,/i) for all i. We now consider the cases n = 0, 1,2,3,4, and 6 (mod 12) separately.
If n = 1, 2 or 4 (mod 12), a straightforward argument shows that M is trivial, and so G is metabelian of order 2nvn(5) by Propositions 2.1 and 2.2. If n = 3 (mod 12), say n = 3m where m is odd, then the relation xxx2---xn = 1 gives that (xiX2X3)m = 1, and then, since X2X3 = Xi , that x2m = 1 . Since m is odd and x4 = 1, we have that x2 = 1 and get the presentation (xj, X2, X3: Xi = X2X3, X2 = X3X1, X3 = X1X2, X| = x2 = x3 = 1) for M, which is readily seen to define the elementary abelian group of order 4. So M is abelian, and hence G is soluble of derived length 2 or 3 by Proposition
2.2.
If n = 6 (mod 12) we have the presentation (Xi , X2 , X3 , X4 , X5 , X6 : Xj = X2X3 , X2 = X3X4 , X3 = X4X5 , X4 = X5X6 , X5 = X(,XX , X^ = XiX2 , Xj = X2 = X3 = X4 = X5 = Xg = 1) for M. We may eliminate generators and modify the relations to get We see that Z = (x2, x2) is a central subgroup of order 4 and M/Z has presentation (xj, x2 : X[ = x2 = (X[X2) = 1}, so that M/Z is dihedral of order 8 and M is therefore metabelian of order 32. So, by Proposition 2.2, G is a finite soluble group of derived length 3 or 4. If n = 0 (mod 12) we may use the programs described in [20, 22] to show that M is infinite; in fact, M/M' Si (C4)4, M'/M" s C4 x (C2)4, and M"/M'" = C4 x (Coo)4 > and so G is infinite.
